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ABSTRACT

Tables are given of a quantity k which is used to define single-sample
variables sampling plans and one-sided tolerance limits for a normal distribution.
The probability is v that at least a proportion P of a normal population is below
X + ks, where X has a normal distribution with mean pu and variance o 2/n and
fs2/o? has a chi-square distribution with f degrees of freedom. The quantity k
just described corresponds to a percentage point of the noncentral t-distribution
and is extensively tabulated. Tabulations of other functions computed from the
noncentral t-distribution and various expected values are also given. Many other
applications are discussed and various approximations compared. One section
gives the mathematical derivations and there is an extensive bibliography which
has been cross referenced to several indices of mathematical and statistical
literature.

The variables sampling plans given are to be preferred to most other such
variables plans (including the MIL STD plans) in cases where the protection of
the consumer is of primary interest and the costs of items are high. These plans
may also be preferred in other circumstances but an analysis of costs of the al-
ternative plans should precede any decision on which plan to use.
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FACTORS FOR ONE-SIDED TOLERANCE LIMITS
AND FOR VARIABLES SAMPLING PLANS

1. INTRODUCTION,

1.1 One-sided tolerance limits for a normal distribution.

For a normal random variable X with known mean g and known standard deviation o, it is
possible to say that exactly a proportion P of the normal population is below u + KPO', where Kp is read
from a table of the inverse normal probability distribution (e.g., see Reference [52], p. 12). For ex-
ample, one can say that exactly 95% of the population is below u + 1,644850. The quantity u + Kpo is an

upper tolerance limit.

In most cases, however, u and ¢ are unknown and it is necessary to estimate both of them
from a sample. Then a tolerance limit of the form X + ks may be used where X is an estimate of u and
s is an estimate of 0. Since X and s will be random variables, however, the tolerance limit statement

can only be made with a given probability attached.

The problem then reduces to finding k such that the probability is v that at least a proportion
P of the populatibn is below X + ks. Tables of factors for one~sided tolerance limits for a normal distri-
bution have been givenin References [29], [37], [50], and [ 52] for the case where a sample XysXgy o0 en X
is taken and the sample mean,

and the sample standard deviation,

- 1 S: _ =2
8%y/n-1 (xi X%

i=1

are computed.

A value of k is given in the tables of Section 2 such that "at least a proportion P of the normal
population is less than X + ks with probability equal to 4." The value X + ks is called an upper tolerance
limit. For a lower tolerance limit X - ks is used and the statement is "at least a proportion P of the

population is greater than X - ks with confidence v. If a two-sided limit is desired the reader is referred

to References [ 12}, [35], {52], and [76].

If the normal distribution has mean u and standard deviation ¢ and either of these are known,
there are entries in the tables of Sections 3 and 4 which will give the required tolerance limit. When the

mean is known, k may be read from the tables of Section 4 with n = w, i.e., the tables of Sections 4. 1. 15,




4.2.15, and 4.3.15. Similarly, if the standard deviation is known, k may be read from the tables of
Section 4 with f = «©, i.e., as the last entry for each table. The tables of Sections 3.1, 3.2 and 3.3 may

be useful if n=1 or © or if f = 1 or .

It is convenient to define the term degrees of freedom for X as that value of n which occurs
in the statement x has mean g and standard deviation o/vn. Similarly, the degrees of freedom for s is
that value of f which occurs in the statement fs2/g? has a chi-square distribution with f degrees of

freedom.

In addition to giving more extensive tables of k than [29], [37], and [50], this report extends
the tables of k to the cases where the degrees of freedom for s are not necessarily one less than the
degrees of freedom for X. The degrees of freedom for s will be designated by f, and the degrees of
freedom for x will be designated by n. Values for n = 1, 2, 3 and 4 only are given in [52] for this case
where f = n - 1. The present report can also be considered an extension of the work in References [35]
and [76] which cover the twc-sided tolerance limit problem with X based on n degrees of freedom and s
based on f degrees of freedom, where again f is not necessarily equal to n - 1. The extension given

here, of course, is from the two~sided case to the one-sided case.

The values of k given in Sections 2, 3.1, 3.2, 3.3, and 4 correspond to percentage points

(divided by the square root of n) of the noncentral t-distribution. Specifically,
Pr{noncentral t<kyn|s= Kp\fr?} =7,

where the noncentral t has f degrees of freedom and Kp is such that Pr {a standardized normal

variable SKP} = P,

1.2 Johnson and Welch type tables for computing k.

A discussion of the tables of Section 5 follows. Among other things these tables may be used
whenever there is a combination of values of f, n, and P for which there is not an entry in the tables of
Sections 2, 3 or 4 and for which interpolation in Sections 2, 3 or 4 would not be satisfactory. Note also
that the values of v which are available in Section 5 include (1 - 7) for each v listed since
Pr{noncentral t< tolé} =1- Pr{noncentral t< -tol-é} and both positive and negative values of t and

6 appear in the tables.

Section 5 follows a procedure used by Johnson and Welch [32] and contains values of y such that if

n=%(l+%§>-i,

and




These values of k and the standard deviations of X + ks are given in Section 3. 6. The tables of Sections
3.7 and 3. 8 give the mean and standard deviation of the noncentral (t/Vn) -distribution and the noncentral

t-distribution.

The reader wishing a broader mathematical coverage of the noncentral t-distribution and the
methods of computing and checking the accompanying tables is referred to Section 8 for this information.
Some special cases where n and f are not necessarily tied together as f = n - 1 are considered in
Sections 9, 10 and 11. In Section 12 a comparison of four approximations to the exact values of k are

given and at the end there is a bibliography and list of references to the noncentral t-distribution and its

various applications.




2.4 Valuesof k for f=n-1 and v=.95 (Continued)

Pﬂ’r£ 5kVﬁ‘leVx‘i—}=v

n -75000 .90000 .95000 .97500 .99000 .99900 .99990 .99999

46 <674 1.664 2.086 2.457 2.890 3.801 4,555 5.211

47 971 1.659 2.081 2.450 2.4883 3.792 L.5kl 5.199
43 « 967 1.654 2.075 2.4 2.876 3.783 4,533 5.187
49 -964 1.650 2.070 2.438 2. 869 3.774 4,523 5.175
50 -960 1.646 2.065 2,432 2,862 3.766 4.513 5.164
51 957 T1.641 2.060 2.u27 2.856 3.758 b.504 5.153
52 <954 1.637 2.055 2.421 2.850 3.750 L. 49y S.142
. 53 <951 1.633 2.051 2.416 2.8LYy 3.742 L.u485 5.132
54 .948 1.630 2.046 2.411 2.838 3.735 hou77 5.123
55 945 1.626 2.042 2.406 2.833 3.1728 L.468 5.113
56 -Gh43 1.622 2.038 2.401 2.827 3.721 4.460 5.10%

57 <940 1.619 2.034 2.397 2.822 3.7 L.u52 5.095
58 «938 1.615 2.030 2.392 2.817 3.708 h.uus 5.086
59 935 1.612 2.026 2,388 2.812 3.701 h.u37 5.078
60 «933 1.609 2.022 2.384 2.807 3.695 4,430 5.070

61 «930 1.606 2.019 2.380 2,802 3.689 4.423 5.062
62 928 1.603 2.015 2.3176 2.798 3.684 h.u1é 5.05u
63 -926 1.600 2.012 2.372 2.793 3.678 L.u10 5.047
6L - 924 1.597 2.008 2.368 2.789 3.673 4.403 5.039
65 «921 1594 2.005 2.364 2.785 3.667 4.397 5.C32

66 -919 1.591 2.002 2.361 2.781 3.662 4.39 5.025

67 «917 1.589 1.999 2.357 2.777 3.657 4,385 5.018
68 «915 1. 586 1.996 2.354 2.773 3.652 4,379 5.012
69 <913 1.584 1.993 2.351 2.769 3.647 4.373 5.005
70 <911 1.581 1.990 2.347 2.765 3.643 4.368 4.999
7 «910 1.579 1.987 2.344 2.762 3.638 4,362 4.993

72 .908 1.576 1.984 2.341 2.758 3.633 4,357 4.987
73 <906 1.57h 1.982 2.338 2.755 3,629 4,352 4.981
™ «904 1.572 1.979 2.335 2. 751 3.625 4,347 4.975
75 903 1.570 1.976 2.332  2.7u48 3.621 4,342 4.970

16 901 1.568 1.974% 2.329 2.745 3.8617 4.337 4.964
17 . 899 1.5685 1.971 2.327 2.742 3.613 4,333 4.959
78 .898 1.563 1.969 2.324 2.739 3.609 4.328 4.954
79 896 1.561 1.967 2.321 2.736 3.605 4,323 4.949
80 - 895 1.559 1.964 2.319 2.733 3.601 4.319 L,94y

81 -893 1.557  1.962 2.316 2.1730 3.597 4.315 4.939
82 .892 1.556 1.960 2.314 2.727 3.59% 4.310 4,93y
83 890 1.554% 1.958 2.311 2.724 3.590 4.306 4.929
84 -889 1.552 1.956 2.309 2.721 3.587° 4.302 4.925
- 85 .888 1.550 1.954 2.306 2.719 3.583 4,298 4.920

86 . 886 1.548 1.952 2.304 2.716 3.580 4,294 4.916
87 .885 1.547 1.950 2.302 2.714 3.577 4,291 4,911

88 . 884 1.545 1.948 2.300 2.7 3.574 4,287 4.907
89 . 882 1.543 1.946 2,297 2.709 3.57 4,283 4.903
90 .881 1.542 1.944 2.295 2.706 3.567 h, 279 4.899
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n

L 1]
47
48
49
50

51
52
53
54
55

56
57
58
59
60

61
62
63
64
65

66
67
68
69
70

71
72
73
T4
15

76
77
78
79
80

81
82
83
8n
85

86
87
88
89
90

2.10 Valuesof k for f=n-~1and v= .05

Pr{T, <kVA K VE}=v

- - - . - = -

. 75000

423
u26
428
+431
433

«435
-438
2440
- by2
<hun

Jhus
<448
<450
U451
453

- 455
U457
458
<460
461

463
<465
66
67
<469

+U470
«u72
2473
uTh
76

477
u78
479
«480
482

-483
+484
485
486
-u87

-488
~ 489
- 490
491
<492

« 920000

+989
.992
995
«997
1.000

1.003
1.005
1.007
1.010
1.012

1.014
1.016
1.018
1.020
1.022

1.024
1.026
1.028
1.030
1.032

1.033
1.035
1.037
1.038
1.040

1.042
1.083
1.045
1.046
1.048

1.049
1.050
1.052
1.053
1.054

1.056
1.057
1.058
1.059
1.061

1.062

1.063

1.064%
1.065
1.066

95000

1.317
1.321
1.324
1.327
1.329
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8. DERIVATION OF THE MATHEMATICAL RELATIONSHIPS.

8.1 The noncentral t-distribution.

Let X have a normal distribution with mean zero and variance one and let Y be independent
of X and have a chi-square distribution with f degrees of freedom and let § be any constant. Then
Tt(“: (X + 6)/\/—Y7f- has a noncentral t-distribution with noncentrality parameter & and f degrees of
freedom. Note that if § = 0 then Tt(é) has a (central) Student t-distribution with f degrees of freedom.

The joint density of X and Y is then given by

1 -x% 1 (E-2/2 -y/2
e —_—y e
Var o/ 2)2?

If the change in variables given by X = (ZU/VT) - 6 and y = U? is made in this last expression
and U is integrated out, then the density of Z = T, is obtained. That result is then integrated with respect

to Z from minus infinity to t to give the cumulative distribution function,

Vaw

Pr{Tf = t}= I‘@)Z_":ZW A G(%- 8 v e () au,

where

2
G’(X) = ée X /2,

X
G(X) =/ G (t) at.

If this cumulative distribution function is integrated by parts repeatedly, one obtains for odd

values of f

Pr{Tt 5t}= G(-k\@ + 2T(5 VB, A) + 2[1.\/1l M bt Mt_z]

where

f
f+1t

= =
A-VfandB 2

and

2
aexp [- -1-21- (1+ Xz)]

1+X2

T(h,a) = 5 dx
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v

is a function discussed and tabulated in [48) and [49]). The M's are defined below.

For even values of f,

Pr{Tt <t}= Gl-a)+ V2'17[M°+M2 MEED +ME-2]

where
M =0
-1
M, = AVE G°(6VB) G(§ AVB)
M, = B[GAM +-A G'(s)]
1 [} 721
= -I-B[GAM +M ]
MZ T2 1 0.
M -EB[GAM +M]
3 3 2 1
3_11
M, = ZB[EGAM3+M2]
M =X B[a §Am___+
x k k k-1 M\:-z]
and where
a S for k> 3 d =1
e (k-2)a = an a,= 5

Some special vroperties of the noncentral t-distribution are now immediately obvious from the

above formulas:

Pr{T §t|6}= 1-Pr{T < -t]-s
' £

Pr{T! < o|5}= Gl-#8)

Kf=1,t=1 and G(szs)= P, then Pr{Tl_<_1}= 1-P.

Also if 6§ = 0, the above noncentral t-distribution reduces to the Student t-distribution. Note

that T(0, A) = (arctan A)/(27). Note also that in this case the M's with odd subscripts can be computed

independently of the M's with even subscripts and vice versa.




For odd values of f, therefore, the Student t-cumulative distribution function reduces to

_1 2 (£-3)/2
Pr{Student-t < t}- 5 *+ larctan A) /(=) + (AB)/(")[bo +byB+b,B +...+Db, 4B ]
where, b = 1l and b = - . b ; and for even values of {
o r 2r+1 r-l
"1, AVB 2 (€-2)/2
- == + + +...+
Pr{Student t < t} 3 + 2 [co CIB c2B c(t-2)/2B ]

2r - 1
2r r-1

where c, = 1 and c. = and, as before,

A = t/(VT) and B = £/(f+2).

8.2 One-gided tolerance limits.

A method for finding a one-sided tolerance limit will now be given such that at least a pro-
portion P of a normal population will be above (or below) the tolerance limit with probability v (i.e., if
the experimental procedure as described below were repeated an infinite number of times and all of the
hypotheses were met exactly, then 1007% of the tolerance limits would cover at least a proportion P of
_ the population).

A sample of n observations is taken at random from a normal distribution with unknown mean u

and unknown standard deviation o. The sample values are denoted by X, X

’i=li x
n i

PORERS xn and

8 =

n
1 }: =12
n-~1 (xi-x)

isl
are computed from these sample values.

In more complicated problems the estimate of o may be obtained from an analysis of variance
computation and be based on f degrees of freedom. The quantity s as defined above has f = n -~ 1 degrees
of freedom. In what follows, s will be used for either the analysis of variance estimate or the estimate
above. How s or X are computed is not important to the problem here so long as fszl 0‘2 has a chi-square
distribution with f degrees of freedom and X. has a normal distribution with mean u and standard deviation

equal to ¢/VH (s and o are unknown). The problem then becomes a problem in finding k so that either

X+ ks or X - ks is the required tolerance limit.
Mathematically, the problem is to find k such that
Pr{Pr(X<X+ks)2Pl=1vy

where X has a normal distribution with mean u and standard deviation ¢, and P and v are specified

375

e e s e




probabilities. Define Kp by:

and then,
b ke o
Pr{Pr(X <X +ks)> P}= Pril‘——lij‘—“ gxpg.

Rewriting once more this becomes

o]

= -K_VA
P

This is now in the form of the noncentral t-distribution with f degrees of freedom and with &

and t = -kVn.
Or equivalently, this may be written

Pr{TE <kVvh|s = KPVE} =,
where Tf is a noncentral t random variable. Hence the quantity k which is desired may be computed

from the percentage points of the noncentral t-distribution.

8.3 The sampling plan procedure.
The problem is to find a value of k such that the Pr{X+ ks U} = 1 - v, i.e., the probability

(The quantity v is usually equal to 0.90.) This is equivalent to

of accepting a lot is 1 - 7.

Pr{(x'“)ﬁ—(u'“>va5-l‘§ﬁ}= 1-7.
o o o
Next we divide both sides of the inequality by s/o and the quantity on the left is of the form of the non-

central t. Hence, we have

Pr;’l‘ts—k\’ﬁlb - -<1§£)va‘$= 1- 7,
%),

where Tf is a noncentral t variable with f degrees of freedom (the number of degrees of freedom of s
We want to accept a lot with no more than 100(1 - P)% of the population

el . Then we have

In most applications f=n - 1.
T o

above U only 100(1 - 7)% of the time and hence Kp
pr{TE <kvEls = K va}= y.
P

This equation is identical with the one given for the tolerance limit problem.

i 8.4 The density of noncentiral t in terms of the cumulative.
\ The value of k, as defined in Section 8.2, may now be obtained by using Newton's method for
To implement this method, the derivative of the distribution

interpolating for a root of an equation.
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These last two formulas were often used to start the iterations described in Sections 8.4 and 8.5. Other

start values were obtained by use of the approximations given in Section 12.

8.9 The moments of the noncentral t-distribution.

The moments of the noncentral t-distribution have been given by Hogben, Pinkham, and
Wilk [26] and by others previously, e.g., [40], and are polynomial functions of & whose coefficients are

functions of f. The mean and second, third, and fourth moments about the mean are as follows:

B o=cyd
2
= +
By = €y 8+ ey,
3
= +
Hy=cgy 8 %c, 8
_ 4 2
By = Cuy 8 Foyy 8ty
where
T (f-1
. - ‘/;r( )
n f
r(i)
_f 2
€22 °7-2 " “n
R S
€20 " T-2
(7 - 2f) 2
= Yt S
€33~ °n [(f-z)(f-3) 2e),
c =3 .
31 (f-2)(f-3) 1
2 265 - ) o>
. £ 1,

s -0 -4 F-20-3 “‘n

2
__6f g U-Dey,
w2 T-2 |T-4 -3

3fz

Cho T E-E-D -

Hogben, Pinkham, and Wilk table the exact values of the c's. See Section 12.3 for approximations to.the

c's. See Sections 3.7 and 3. 8 for tabulations of means and standard deviations of the noncentral t- and

381




noncentral tT -distributions. Merrington and Pearson [40] give the following formula for finding the
n

rth moment about the origin for the noncentral t-distribution:

e nry . £/ T -1)/2] 487 o 36
M,-E(t)—§ NP e D e

where D' indicates the rth derivative of the function following it. Hence,

g = ¢y [65 + 108>+ 156][f2/§(f - 3 - 5)}]

ug = [s‘ + 156 + 4562 + 15][f3/{(f - 2)(f - 4)Lf - 6)}].

8.10 An alternative expression for the noncentral t-distribution.

On page 387 of the article by Johnson and Welch [32] a formula is given for even values of
f for the cumulative distribution function of noncentral t in terms of Hh functions. This formula has
f/2 terms, i.e., is a finite sum and it is easily convertible into a finite sum of confluent hypergeometric
functions. Owen and Amos [53] have another expression involving the hypergeorﬂetric function which holds

for odd and even values of f.

As before, let

Ht(t) = Pr{Tz st} = 'I—,(_f)vzzj——’;:-—zyz[..c(% - 5) x£-1 G*(x) dx,
2

£
f+t

and let A = and B =

Then Owen and Amos [53] give

f-1
IT{—
H () = 1- G(6VE) + VZ G'( VE) -—(—2—2A\/§s -3 VEs

TET R

2
\43

where

and

and where

_ (2k - {2k - 1)
a,=1 a =a , A? B GRks D

b =1, "b AB(Zk-l-f. J

One series will always terminate when f is an integer; S1 when f is even and S2 when f is odd.
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12. COMPARISON OF VARIOUS APPROXIMATIONS TO k WITH EXACT VALUES.

12.1 The Jennett and Welch approximation to k.

Jennett and Welch [28] derived a formula for k based on a normal approximation to the distri-
bution of X + ks. The formula is:

K + /K- AB
k= —-P———-Al——-— . (approximation J),
where
Ky
A=1l-3.
ce 5 and

2

K

B=K?--Y.
P n

This formula is also given on page 59 of Eisenhart, Hastay, and Wallis {12].

12.2 The van Eeden approximation to k.

Constance van Eeden [72) summarizes several different approximations which may be used to
obtain k.

Her approximation II b which is of the Cornish-Fisher type may be rewritten

2 N 2
+ 4K + 12K% + 1
L) K +1 Y Y
k= —2=+K |1+ +
vn P af 322
, [k, K4k s [K2-1] 4 K,
» "+ K vn -ﬁ+ —Y_—-z_Y -K n -K nvn|—={, {approximation E),
| | P 16f P | 245 P 32f

where t#(f,7) is the 1th percentage point of Student's t-distribution with f degrees of freedom.
1 12.3 'The normal approximation to noncentiral t.

For large values of f, the degrees of freedom, the noncentral t-statistic becomes approxi-
mately normally distributed with mean and variance as given in Section 8.9. The value of to in the state-
ment

Pr{noncentral t< tol 8, f} =
is therefore given approximately by:
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or equivalently k is given approximately for large values of { by:

=~ > + K K +-— .,
kcqu Yv 22 p n

Johnson and Welch [32] give the following approximations for the moments and for the c's:

2 2
[ & 56
HEBky m1+gpi and uy f[3+ 4f] or

~1;c ~——1—' =1 c ~—§—- a “'E
€= liCyy FopiCp FTliCyy ¥ —3 and ¢y, Ty,

Johnson and Welch note that these appi-oximations substituted in the approximate formula for k given above

do not yield very good results and recommend the normal approximation to X + ks given in Section 12.1

over the one given in this section.

However, examination of the table given by Hogben, Pinkham, and Wilk [26] indicated that
perhaps a good deal of the difficulty is due to the approximate values of the c's chosen. The only ¢ which
is difficult to compute is ¢ and so a better approximation to ¢, Wwas sought. Empirical examination of
the Hogben, Pinkham, and Wilk table led to the following approximation:

3
~lt ———
ey =1t grT 64 -

This approximation gave 4 accurately to five decimal places for f2> 9. The value of Cy, Was computed

from 5 and 0 computed exactly giving approximate values of k which were labeled Approximation D.
Explicitly,

20

2
~ + K +-—="= i i .
k =~ cll Kp KY‘ 2 5 el (Approximation D)

12.4 The Student approximation to noncentral t.

Empirical examination of the preceding approximation (D) indicated that a better approxi-
mation to k could be obtained by replacing K’Y by t¥(f,v), the vth percentage point of Student's
t-distribution with f degrees of freedom, i.e., Pr{TI < tx{f, 'y)| 6= 0} = Y. The new approximation was

labeled C and is given by:
‘ /[ 2, 2
~ + ¥k + == : : .
k ¢ KP (£, 7) Je 22 Kp al {Approximation C)

12.5 Comparison of the approximations.

For f=n-~1, = 0.90, 0.95, and 0.99; and P = 0.75, 0.90, 0.95, 0.975, 0.99, 0.999,
0.9999, and 0.99999, each of the approximations C, D, J, and E were computed and compared with the
exact values. The number of correct decimal places in each approximation was then recorded as 3, 2, or

1 following the letter designating the approximation.



The computations for each of the approximations and the exact value of k were carried in the

The absolute values of the difference between each approximation and the

computer to 11 decimal digits.

The approximations C, D, J, and E were then ordered from best (1) to

exact value was obtained.

If the

If this difference minus 0.0005 was negative, a 3 was recorded on the second line.

worst (4).

If this was nega-

difference minus 0.005 was zero or positive, then the difference had 0.005 subtracted.

If the

If the difference
Table 12.5.1 below

tive, a 2 was recorded on the second line and if it was positive or zero, the next step was taken.

difference minus 0.050 gave a negative, then a 1 was recorded on the second line.

minus 0.050 gave a zero or a positive, then a 0 was recorded on the second line.

gives the results of these computations.
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TABLE 12.5.1 (Continued)

Comparisons of Approximations to k for f= n - 1
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TABLE 12.5.1 (Continued)
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